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Abstrat
We onsider expanding maps suh that the unit interval an be repre-
sented as a full symboli shift spae with bounded distortion. There
are already theorems about the Hausdor dimension for sets dened
by the set of aumulation points for the frequenies of words in one
symboli spae at a time. It is shown in this text that the dimension is
preserved when sets dened using dierent maps are interseted. More
preisely, it is proven that the dimension of any ountable intersetion
of sets dened by their sets of aumulation for frequenies of words
in dierent expansions, has dimension equal to the inmum of the di-
mensions of the sets that are interseted. As a onsequene, the set of
numbers for whih the frequenies do not exist has full dimension even
after ountable intersetions. We prove these results also for a dense
set of β-shifts.
1 Introdution
1.1 Expanding maps generating full shifts
Let f : [0, 1) 7→ [0, 1) be suh that [0, 1) an be split into a nite number
gf of intervals [a, b) suh that f |[a,b) is monotone and onto for eah of these
intervals. We take an enumeration of the intervals and assoiate eah interval
to the orresponding number so that we an refer to an interval as [n] where
n is the appropriate number. Assume that for eah of the intervals [a, b) it
holds that |f(x) − f(y)| ≥ |x − y| for all x, y ∈ [a, b). Then we an dene
ylinders
Cx1...xn :=
{
x ∈ [0, 1) :
n⋂
i=1
f−(i−1)(x) ∈ [xi]
}
,
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where Cx1...xn is alled a generation n ylinder. We will onsider [0, 1) as a
generation 0 ylinder. Assume that limn→∞ |Cx1...xn | = 0 for all
(xi)
∞
i=1 ∈ Σgf := {0, 1, . . . , gf − 1}
N.
Then we have a unique orrespondene between points x ∈ [0, 1] and se-
quenes (xi)
∞
i=1 ∈ Σgf .
For a given integer m > 0 we onsider words w = i1, . . . , im of length m
in the alphabet {0, . . . , gf − 1}. We an enumerate these words as {wj}
gm
f
j=1.
For any number x ∈ [0, 1] and n > m, let
τ fwj(x, n) = #
{
i ∈ {1, . . . , n−m} : xi, . . . , xi+m−1 = wj
}
and
Gf,mp¯ =
{
x :
τ fwj(x, n)
n−m
→ pwj , n→∞, j = 1, . . . , g
m
f
}
, (1)
where p¯ = (pw1 , . . . pwgm
f
) suh that 0 ≤ pwi ≤ 1 for all i and
∑gm
f
i=1 pwi = 1.
Here p¯ an be interpreted as the frequenies with whih the words of length
m our. Note that for many x ∈ [0, 1], the limit in (1) does not even exist.
Consider the sets
Gf,mp¯ (n, ǫ) =
{
x ∈ [0, 1) : pwj − ǫ <
τ fwj(x, n)
n−m
< pwj + ǫ,∀j
}
.
Note that Gf,mp¯ (n, ǫ) is the union of of all generation n ylinders for whih
the frequenies of words of length m in the nite sequene determining the
ylinder is ǫ lose to p¯. If a point x is at the left endpoint of one of these
ylinders, then
τ
f
w(x,n)
n−m → 0 for all words w of length m exept 0
m
. Thus, if
pw > ǫ for some word w 6= 0
m
, then x annot be in Gf,mp¯ (n +N, ǫ) when N
gets too large. This leads to the following onlusion.
Remark 1.1. Let m ∈ N and ǫ > 0. If p¯ is suh that for some word w 6= 0m
of length m we have pw > ǫ, then the set
∞⋂
N=1
∞⋃
n=N
Gf,mp¯ (n, ǫ)
is a Gδ set.
Note also that
Gf,mp¯ ⊂
∞⋂
N=1
∞⋃
n=N
Gf,mp¯ (n, ǫ)
for all ǫ > 0.
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Denition 1.2. A number x ∈ [0, 1] is m-normal to f if for all words w of
length m we have τ
f
w(x,n)
n−m → |Cw| as n → ∞, where |Cw| denotes the length
of the set Cw.
It is easy to see that if
x ∈
∞⋂
N=1
∞⋃
n=N
Gf,mp¯ (n, ǫ),
where 0 < ǫ < ||Cwj | − pwj | for some j, then the frequeny of the word wj
of length m in the expansion of x annot be |Cwj |. Thus, x is not m-normal
to f . In fat, the expressions for the frequenies in (1) do not even have
to onverge. For x to be in lim supn→∞G
f,m
p¯ (n, ǫ), it is suient that the
vetor p¯ is a point of aumulation for these expressions.
Let Af,m(x) denote the set of points of aumulation in [0, 1]g
m
f
for the
frequenies
(
τ
f
wi
(x,n)
n−m
)gm
f
i=1
as n→∞, where (wi)
gm
f
i=1 is an enumeration of the
words of length m. We will need the following onditions on f .
(i) Assume that we have bounded distortion, i.e. that there is a onstant
Kf > 0 suh that for any ylinder Cx1...xn , inluding [0, 1), it holds
that
|(fn)′(y)|
|(fn)′(z)|
< Kf
for all y, z ∈ Cx1...xn , whih implies that
|Cx1...xn+1 |
|Cx1...xn |
>
1
gfKf
for all sequenes (xi)
∞
i=1 ∈ Σgf and all n ∈ N.
(ii) Given f and m ∈ N there is a vetor p¯ suh that dimH(G
f,m
p¯ ) = 1.
Assume that f is suh that for eah word w of length m there is a
vetor q¯ suh that qw 6= pw, for whih dimH(G
f,m
q¯ ) is arbitrarily lose
to 1.
We will prove the following theorems.
Theorem 1.3. Let (fi)
∞
i=1 be a sequene of funtions satisfying onditions
(i) and (ii). Then the set of numbers that are not m-normal to any of these
fi for any m has Hausdor dimension 1.
Theorem 1.4. Let (fi)
∞
i=1 be a sequene of funtions satisfying onditions
(i) and (ii). Then the set of numbers for whih the frequeny τ
f
w(x,n)
n−m does
not onverge as n→∞ for any word w of any length m, in the expansion to
any of the funtions fi, has Hausdor dimension 1.
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Theorem 1.5. Let (fi)
∞
i=1 be a sequene of funtions satisfying ondition
(i), let (mi)
∞
i=1 be a sequene of numbers in N and let (p¯i)
∞
i=1 be a sequene
suh that p¯i ∈ [0, 1]
g
mi
fi
for eah i. Then
dimH
(
∞⋂
i=1
{x : p¯i ∈ A
fi,mi(x) }
)
= inf
i
{
dimH
(
{x : p¯i ∈ A
fi,mi(x) }
)}
.
1.2 β-shifts where the expansion of 1 terminates
The following method to expand real numbers in non-integer bases was in-
trodued by Rényi [4℄ and Parry [3℄. For more details and proofs of the
statements below, see their artiles.
Let [x] denote the integer part of the number x. Let β ∈ (1, 2). For
any x ∈ [0, 1] we assoiate the sequene d(x, β) = {dn(x, β)}
∞
n=0 ∈ {0, 1}
N
dened by
dn(x, β) := [βf
n
β (x)],
where fβ(x) = βx mod 1. The losure of the set
{ d(x, β) : x ∈ [0, 1) }
is denoted by Sβ and it is alled the β-shift. It is invariant under the left-
shift σ : {in}
∞
n=0 7→ {in+1}
∞
n=1 and the map d(·, β) : x 7→ d(x, β) satises
σn(d(x, β)) = d(fnβ (x), β). If we order Sβ with the lexiographial ordering
then the map d(·, β) is one-to-one and monotone inreasing. The subshift
Sβ satises
Sβ = { {jk} : σ
n{jk} < d(1, β) ∀n }. (2)
If x ∈ [0, 1] then
x =
∞∑
k=0
dk(x, β)
βk+1
.
We let πβ be the map πβ : Sβ → [0, 1) dened by
πβ : {ik}
∞
k=0 7→
∞∑
k=0
ik
βk+1
.
Hene, πβ(d(x, β)) = x holds for any x ∈ [0, 1) and β > 1.
A ylinder s is a subset of [0, 1) suh that
s := πβ({ {jk}
∞
k=0 : ik = jk, 0 ≤ k < n })
holds for some n and some sequene {ik}
∞
k=0. We then say that s is an
n-ylinder or a ylinder of generation n and write
s = [i0 · · · in−1].
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As in Setion 1.1 we dene
τβw(x, n) = #
{
i ∈ {0, . . . , n−m− 1} : xi, . . . , xi+m−1 = w
}
for any word w of length m and
Gβ,mp¯ =
{
x :
τβwj(x, n)
n−m
→ pwj , n→∞, j = 1, . . . , 2
m
}
(3)
where 0 ≤ pwj ≤ 1 for all j. We also dene
Gβ,mp¯ (n, ǫ) =
{
x ∈ [0, 1) : pw − ǫ <
τ fwj(x, n)
n−m
< pw + ǫ j = 1, . . . , 2
m
}
.
As in Setion 1.1 we note the following.
Remark 1.6. Let m ∈ N and ǫ > 0. If p¯ is suh that for some word w 6= 0m
of length m we have pw > ǫ, then the set
∞⋂
N=1
∞⋃
n=N
Gβ,mp¯ (n, ǫ)
is a Gδ set.
Note that
Gβ,mp¯ ⊂
∞⋂
N=1
∞⋃
n=N
Gβ,mp¯ (n, ǫ)
for all ǫ > 0. Let Aβ,m(x) denote the set of points of aumulation in
[0, 1]R2
m
for the frequenies
(
τ
β
wi
(x,n)
n−m
)2m
i=1
as n → ∞, where (wi)
2m
i=1 is an
enumeration of the words of length m.
Consider β suh that the expansion of 1 terminates, i.e. suh that we
have d(1, β) = j0 . . . jk−10
∞
. The set of suh β is dense in (1, 2) and for suh
β ∈ (1, 2) we an use (2) to onstrut Sβ from the full shift Σ2 = {0, 1}
N
as
follows. There are nitely many words w of length k suh that w < d(1, β).
If we start with Σ2 and remove all elements that ontain any of these words,
then by (2) we get Sβ. Thus Sβ is a subshift of nite type. For suh shifts
there is a nite onstant Cβ > 0 suh that
|Cx0...xn |
|Cx0...xn−1 |
>
1
βCβ
for all sequenes (xi)
∞
i=0 ∈ Sβ and all n ∈ N. We an use this to prove the
following theorems.
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Theorem 1.7. Let (βi)
∞
i=1 be any sequene in (1, 2) suh that the expansion
of 1 terminates for eah βi. Then the set of numbers for whih
τ
β
w(x,n)
n−m does
not onverge as n→∞ for any word w of any length m, in the expansion to
any of the funtions fβi, has Hausdor dimension 1.
Theorem 1.8. Let (βi)
∞
i=1 be any sequene in (1, 2) suh that the expansion
of 1 terminates for eah βi, let (mi)
∞
i=1 be a sequene of numbers in N and
let (p¯i)
∞
i=1 be a sequene suh that p¯i ∈ [0, 1]
2mi
for eah i. Then
dimH
(
∞⋂
i=1
{x : p¯i ∈ A
βi,mi(x) }
)
= inf
i
{
dimH
(
{x : p¯i ∈ A
βi,mi(x) }
)}
.
2 Faloner's lasses
In [2℄, Faloner denes lasses of sets in R
n
with the property that dimensions
are preserved under ountable intersetions. The idea in the proofs of the
main theorems of this text is to show that the sets involved are in the lasses
dened by Faloner. We present here a one-dimensional version of these
lasses.
Denition 2.1. For 0 < s ≤ 1, let Gs be the lass of Gδ sets F ⊂ R suh
that dimH (∩
∞
i=1fi(F )) ≥ s for all sequenes of similarity transformations
{fi}
∞
i=1.
Remark 2.2. It follows immediately from the denition that for eah hoie
of s ∈ (0, 1] and t ∈ (0, s) we have
Gt ⊂ Gs and Gs =
⋂
t∈(s,1]
Gt.
As a tool in his proofs, Faloner uses outer measures M s∞ dened by
M s∞(F ) = inf
{ ∞∑
i=1
|Ii|
s : F ⊂ ∪∞i=1Ii
}
where eah Ii is of the form [2
km, 2k(m+1)), m ∈ {0, . . . 2m−1}, with whih
we all dyadi intervals. He proves that Gs an be haraterised in several
ways. We present here the haraterisation we will use.
Theorem 2.3. If F is a Gδ set in R, then that F is in the lass G
s
is
equivalent to that there exists a onstant c > 0 suh that
M s∞(F ∩ I) ≥ c|I|
s
(4)
for any I ⊂ R of the form [2km, 2k(m+ 1)) where k ∈ Z.
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It is obvious from the denition that if F ∈ Gs, then dimH(F ) ≥ s. Faloner
also proves that
Theorem 2.4. The lass Gs is losed under ountable intersetions.
We note that sets like lim supn→∞G
f,m
p¯ (n, ǫ) are all subsets of [0, 1).
There is no way that any of these sets an be in the lass Gs sine suh
sets must be dense in R. But we dened the sets Gf,mp¯ (n, ǫ) by expand-
ing x ∈ [0, 1) using the funtion f . It is lear that we an do similarly
in any interval [n, n + 1) where n ∈ Z. We an thereby extend our sets
lim supn→∞G
f,m
p¯ (n, ǫ) into R. Let F˜ ⊂ [0, 1) be some set of the type
lim supn→∞G
f,m
p¯ (n, ǫ) and let F be its extension to R. To make sure that
Fk satises ondition (4) of Theorem 2.3, it is learly enough to prove that
for some onstant c > 0 it holds that
M s(F˜ ∩ I) ≥ c|I|s
for all dyadi intervals I ⊂ [0, 1). This would imply that F ∈ Gs and that we
an ontrol the dimension of its intersetions with other sets in Gs. Now, the
intersetions of sets of the type F˜ are just restritions to [0, 1) of intersetions
of sets of the type Fk. This means that in [0, 1), the set F˜ behaves just like
the set F ∈ Gs does in R. Thus, in the remainder of this text we will say
that a set F˜ ⊂ [0, 1) is in Gs if we get a set in Gs by extending F˜ to a set F
in the way desribed above.
3 Proofs
3.1 Funtions generating full shifts
In this setion we prove Theorems 1.3, 1.4 and 1.5. When working with sets
like Gf,mp¯ (n, ǫ) it is muh easier to onsider overs onsisting only of ylinders
from the expansion by f rather than using the dyadi intervals of the outer
measure M s∞. Let N
s
be the outer measure dened as
N s∞(F ) = inf
{ ∞∑
i=1
|Ci|
s : F ⊂ ∪∞i=1Ci
}
where eah Ci is a ylinder with respet to the expansion by f .
Lemma 3.1. For eah f as desribed in setion 1.1, satisfying ondition (i),
and any set A ⊂ [0, 1) we have
M s∞(A) ≥
1
2gfKf
N s∞(A).
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Proof. Given a set A, let (Ui) be a over of A by dyadi ylinders. Let k be
the smallest generation for whih there is a generation k ylinder from the
expansion by f ontained in Ui. Let Cx1...xk be the largest of these ylinders.
It is lear that Cx1...xk−1 overs at least one endpoint of Ui.
If it does not over the entire Ui, let Cy1...yk be the largest generation k
ylinder ontained in Ui \ Cx1...xk−1 . By the minimality of k we know that
Cy1...yk−1 overs the other endpoint of Ui.
Now together, Cx1...xk−1 and Cy1...yj−1 over Ui. Indeed, by the minimal-
ity of k, any ylinder between Cx1...xk and Cy1...yk must have generation at
least k. But all suh ylinders must belong to some generation k−1 ylinder,
and sine there are none between Cx1...xk−1 and Cy1...yk−1 , there an be no
gap between these two sets.
By ondition (i) we have
|Cx1...xk−1 |+ |Cy1...yj−1 | ≤ gfKf |Cx1...xk |+ gfKf |Cy1...yj | ≤ 2gfKf |Ui|.
We an do this for eah i so it implies
∑
i |Ui|
s ≥ 12gfKfN
s
∞(A). Sine this
holds for all overs we get
M s∞(A) ≥
1
2gfKf
N s∞(A).
The following lemma is a version of less Lemma 1 from [2℄ withN s instead
of M s. The proof is almost idential.
Lemma 3.2. Let F ⊂ [0, 1) and 0 < c ≤ 1. If I = [a, b) ⊂ [0, 1) is suh that
N s∞(F ∩ C) ≥ c|C|
s
for all ylinders C with respet to the expansion by f ontained in I, then
N s∞(F ∩ I) ≥ c|I|
s.
The following lemma is a modied version of Lemma 7 in [2℄.
Lemma 3.3. Let {Fk}
∞
k=1 be a sequene of open subsets of R suh that for
some 0 < s ≤ 1 and c > 0 we have that
lim
k→∞
N s∞(Fk ∩ C) ≥ c|C|
s
for every ylinder C with respet to the expansion by f . Then
∞⋂
m=1
∞⋃
k=m
Fk ∈ G
s.
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Proof. For eah m ∈ N and eah ylinder C we have
N s∞(∪
∞
k=mFk ∩ C) ≥ lim
k→∞
N s∞(Fk ∩ C) ≥ c|C|
s.
By Lemma 3.2 we have
N s∞(∪
∞
k=mFk ∩ I) ≥ lim
k→∞
N s∞(Fk ∩ I) ≥ c|I|
s.
for all dyadi intervals I. By Lemma 3.1 we get
M s∞(∪
∞
k=mFk ∩ I) ≥
1
2gfKf
N s∞(∪
∞
k=mFk ∩ I) ≥
c
2gfKf
|I|s
for all dyadi intervals I. Then by Theorem 2.3 we have ∪∞k=mFk ∈ G
s
and
by Theorem 2.4 we get
∞⋂
m=1
∞⋃
k=m
Fk ∈ G
s.
We will use Lemma 3.3 to prove the theorems. But to be able to apply
Lemma 3.3 we need to prove a ouple of propositions.
Proposition 3.4. Let 0 < s ≤ 1 and f be a funtion satisfying ondition
(i). If there is a subsequene {Mk}
∞
k=1 of the natural numbers and 0 ≤ c < 1
suh that
N s∞([0, 1] ∩G
f,m
p¯ (Mk, ǫ)) <
c
Ksf
for all k, then for eah ylinder C ⊂ [0, 1), with respet to the expansion by
f , there exists a number KC suh that
N s∞(C ∩G
f,m
p¯ (Mk, ǫ/2)) < c|C|
s
for all k > KC .
Proof. Let C be a ylinder of generation n and onsider the set
C ∩Gf,mp¯
(
Mk + n, ǫ−
n
Mk
)
.
To over this set we need to over a family of generationMk+n ylinders. For
eah of these ylinders, we get a generationMk ylinder in [0, 1]∩G
f,m
p¯ (Mk, ǫ)
if we remove the rst n symbols in the oding. Indeed, these n symbols
annot aet the frequeny more than by a term
n
Mk
. By assumption, there
is a over (Ui)
∞
i=1 of [0, 1]∩G
f,m
p¯ (Mk, ǫ) with value less than
c
Kf
. For eah Ui,
there is a orresponding interval U˜i in C suh that U˜i overs the generation
Mk +n ylinders in C that orresponds to the generation Mk ylinders that
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Ui overs. Sine we have bounded distortion, we know that |U˜i| ≤ Kf |C||Ui|.
But (U˜i)
∞
i=1 is a over of C ∩G
f,m
p¯ (Mk + n, ǫ−
n
Mk
) so
N s∞(C ∩G
f,m
p¯ (Mk, ǫ/2)) < K
s
f |C|
sN s∞([0, 1] ∩G
f,m
p¯ (Mk, ǫ)) ≤ c|C|
s
as long as k is so large that n
Mk
< ǫ2 . Thus, for any ylinder C, there exists
a KC suh that N
s
∞
(
C ∩Gf,mp¯ (Mk, ǫ/2)
)
< c|C|s for all k > KC .
Proposition 3.5. Let f be a funtion satisfying ondition (i). Then, for
any m, p¯ and ǫ > 0 it holds that
lim
n→∞
N s∞([0, 1] ∩G
f,m
p¯ (n, ǫ)) ≥
1
Ksf
for all s suh that 0 ≤ s < dimH(G
f,m
p¯ ).
Proof. Assume on the ontrary that there exists a c < 1 and a subsequene
{Mk}
∞
k=1 of the natural numbers suh that N
s
∞([0, 1) ∩ G
f,m
p¯ (Mk, ǫ)) <
c
Ks
f
for all k. Then by Proposition 3.4 we have that for any ylinder C it holds
that N s∞(C ∩G
f,m
p¯ (Mk, ǫ/2)) < c|C|
s
for all k > KC .
In that ase, there is a nite over by ylinders {C1i }i of
[0, 1) ∩Gf,mp¯ (Mk1 , ǫ/2)
suh that
∑
i |Ci|
s < c
Kf
. Indeed, to attain the value
N s∞([0, 1) ∩G
f,m
p¯ (Mk1 , ǫ/2)) <
c
Kf
one only has to look among a nite number of overs, all onsisting of ylin-
ders of generation at most Mk1 . Using higher generation ylinders does not
give a lower value sine s < 1.
Now, hoose k2 > maxi{KC1i
}. Then there are nite overs {Ci,j}j of
C1i ∩G
f,m
p¯ (Mk2 , ǫ/2) suh that
∑
j |Ci,j |
s < c|C1i |
s
for all i. Let {C2i } be all
the overs of the C1i together. This is a over of
[0, 1) ∩Gf,mp¯ (Mk1 , ǫ/2) ∩G
g,m
p¯ (Mk2 , ǫ/2)
and its value is at most
∑
i
|C2i |
s <
∑
i
c|C1i |
s <
c2
Ksf
.
Continuing in this way we get that
[0, 1) ∩
(
∩∞i=1 G
f,m
p¯ (Mki , ǫ/2)
)
⊃ ∩∞n=Mk1
Gf,mp¯ (n, ǫ/2)
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an be overed by overs onsisting of arbitrarily small ylinders and with
arbitrarily small value. It now follows that
dimH(∩
∞
n=Mk1
Gf,mp¯ (n, ǫ/2)) ≤ s
for any k1 > K[0,1]. But
Mk1⋃
M=1
∞⋂
n=M
Gf,mp¯ (n, ǫ/2)) =
∞⋂
n=Mk1
Gf,mp¯ (n, ǫ/2))
so
dimH(∪
∞
M=1 ∩
∞
n=M G
f,m
p¯ (n, ǫ/2)) ≤ s.
Sine Gf,mp¯ ⊂
⋃∞
M=1
⋂∞
n=M G
f,m
p¯ (n, ǫ/2), this implies that
dimH(G
f,m
p¯ ) ≤ dimH
( ∞⋃
M=1
∞⋂
n=M
Gf,mp¯ (n, ǫ/2))
)
≤ s,
whih is a ontradition.
Proposition 3.6. Let f be a funtion satisfying ondition (i). Then for
eah m, ǫ > 0, p¯ and eah ylinder C ⊂ [0, 1), it holds that
lim
n→∞
N s∞(C ∩G
f,m
p¯ (n, ǫ)) ≥
1
K2sf
|C|s
for all s suh that 0 ≤ s < dimH(G
g,m
p¯ ).
Proof. Let C be a generation n ylinder and let (Ui)
∞
i=1 be a over of the set
C∩Gf,mp¯ (m+n, ǫ). Reasoning as in the proof of Proposition 3.4 we onlude
that there is a orresponding over (U˜i)
∞
i=1 of [0, 1) ∩ G
f,m
p¯ (m, ǫ −
n
m
) suh
that |U˜i| ≤
Kf
|C| |Ui| for all i. Using Proposition 3.5 we get
lim
n→∞
N s∞(C ∩G
f,m
p¯ (n, ǫ)) ≥
|C|s
Ksf
lim
n→∞
N s∞([0, 1] ∩G
f,m
p¯ (n,
ǫ
2
)) ≥
1
K2sf
|C|s.
Proposition 3.7. Let f be a funtion satisfying ondition (i) and m ∈ N.
If p¯ is suh that there is a word v 6= 0m suh that pv > 0, then if 0 < ǫ < pv,
then
∞⋂
N=1
∞⋃
n=N
Gf,mp¯ (n, ǫ)
is in the lass Gs for eah s ≤ dimH(G
f,m
p¯ ).
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Proof. By Remark 1.1
∞⋂
N=1
∞⋃
n=N
Gf,mp¯ (n, ǫ)
is a Gδ set. Using Proposition 3.6, we an now apply Lemma 3.3. By Remark
2.2 we get the proposition.
But by Theorem 2.4 the lass Gs is losed under intersetions so we get
Proposition 3.8. Let f be a funtion satisfying ondition (i) and m ∈ N.
If p¯ is suh that there is a word v 6= 0m suh that pv > 0, then for some
K ∈ N the set
∞⋂
k=K
lim sup
n→∞
Gf,mp¯ (n,
1
k
)
is in the lass Gs for all s ≤ dimH(G
f,m
p¯ ). This means that the set of points
x for whih p¯ is an aumulation point in Rg
m
f
of
(
τ
f
wi
(x,n)
n
)gm
f
i=1
as n→∞ is
in the lass Gs for all s ≤ dimH(G
f,m
p¯ ).
We are now ready to prove the theorems stated in the introdution.
Proof of Theorem 1.3. The set
⋂∞
k=K lim supn→∞G
g,m
p¯ (n, 1/k) ontains no
m-normal numbers as long as pw 6= Cw for all words w of length m. So by
ondition (ii) and Proposition 3.8 the set of numbers that are not m-normal
to f ontains a set from the lass Gs for every s < 1. By Theorem 2.4 the
lass Gs is losed under ountable intersetions, so Theorem 1.3 follows.
Proof of Theorem 1.4. Given a word w, ondition (ii) assures that there are
p¯ and q¯ that dier at the position orresponding to the word w while both⋂∞
k=K lim supn→∞G
g,m
p¯ (n, 1/k) and
⋂∞
k=K lim supn→∞G
g,m
q¯ (n, 1/k) are in
the lass Gs for s arbitrarily lose to 1. Interseting these sets we get points
for whih the frequeny of w does not exist. By Theorem 2.4 we an interset
between suh sets orresponding to dierent words and still be in the lass
Gs. Full dimension now follows immediately.
Proof of Theorem 1.5. We rst note that if for some p¯i we have pi,w = 0 for
all words w exept 0mi , then
dimH
({
x : p¯i ∈ A
fi,mi(x)
})
= 0,
so the statement of the theorem is trivially satised. After noting this, the
theorem follows from Proposition 3.8 and Theorem 2.4.
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3.2 β-shifts where the expansion of 1 terminates
In this setion we prove Theorems 1.7 and 1.8. The methods and most of
the proofs in this setion are almost idential to those of Setion 3.1. Let
N s be the outer measure dened as
N s∞(F ) = inf
{ ∞∑
i=1
|Ci|
s : F ⊂ ∪∞i=1Ci
}
where eah Ci is a ylinder with respet to the expansion by fβ.
Lemma 3.9. For eah β, for whih the expansion of 1 terminates, and any
set A ⊂ [0, 1) we have
M s∞(A) ≥
1
2βC2β
N s∞(A).
Proof. Take the proof of Lemma 3.1 and replae 2gfKf by 2βCβ.
The following lemma is a version of Lemma 1 from [2℄ with N s instead
of M s. The proof is almost idential.
Lemma 3.10. Let F ⊂ [0, 1) and 0 < c ≤ 1. If I = [a, b) ⊂ [0, 1) is suh
that
N s∞(F ∩ C) ≥ c|C|
s
for all ylinders C with respet to the expansion by fβ ontained in I, then
N s∞(F ∩ I) ≥ c|I|
s.
Lemma 3.11. Let {Fk}
∞
k=1 be a sequene of open subsets of R suh that for
some 0 < s ≤ 1 and c > 0 we have that
lim
k→∞
N s∞(Fk ∩ C) ≥ c|C|
s
for every ylinder C with respet to the expansion by fβ. Then
∞⋂
m=1
∞⋃
k=m
Fk ∈ G
s.
Proof. Take the proof of Lemma 3.3, replae 2gfKf by 2βCβ and replae
the referene to 3.2 by 3.10.
We will use Lemma 3.11 to prove the theorems. But to be able to apply
Lemma 3.11 we have to prove some propositions.
First we note that among the ylinders with respet to fβ, there are
many that are salings of [0, 1). Indeed, for any ylinder Cx0...xn−1 there
13
is a maximal number l suh that Cx0...xn−1 = Cx0...xn−10l . By the max-
imality of l, we know that the ylinder Cx0...xn−10l1 is nonempty. This
implies that any word in Sβ an follow after x0 . . . xn−10
l+1
and thereby
fn+l+1(Cx0...xn−10l+1) = [0, 1), i.e. Cx0...xn−10l+1 is a saling of [0, 1) by a
fator β−(n+l+1). We also note that
|Cx0...xn−10l+1 | ≥
1
β
|Cx0...xn−1 |.
Proposition 3.12. Let 0 < s ≤ 1 and β ∈ (1, 2) be suh that the expansion
of 1 terminates. If there is a subsequene {Mk}
∞
k=1 of the natural numbers
and 0 ≤ c < 1 suh that
N s∞([0, 1] ∩G
β,m
p¯ (Mk, ǫ)) < c
for all k, then for eah ylinder C with respet to fβ suh that C is a saling
of [0, 1), there exists a number KC suh that
N s∞(C ∩G
β,m
p¯ (Mk, ǫ/2)) < c|C|
s
for all k > KC .
Proof. Take the proof of Proposition 3.4 and replae the use of any ylinder
by any ylinder that is a saling of [0, 1), and replae Kf by 1.
Proposition 3.13. Let 0 < s ≤ 1 and β ∈ (1, 2) be suh that the expansion
of 1 terminates. Let Q(s, β) = 1
βs
∑∞
i=0(1 −
1
β
)is. If there is a subsequene
{Mk}
∞
k=1 of the natural numbers and 0 ≤ c < 1 suh that
N s∞([0, 1] ∩G
β,m
p¯ (Mk, ǫ)) <
c
2Q(s, β)
for all k, then for eah ylinder C with respet to fβ, there exists a number
KC suh that
N s∞(C ∩G
β,m
p¯ (Mk, ǫ/2)) < c|C|
s
for all k > KC .
Proof. Let Cx0...xn−1 be a ylinder with respet to fβ. Then there is a number
l suh that Cx0...xn−1 = Cx0...xn−10l and |Cx0...xn−10l+1 | ≥
1
β
|Cx0...xn−1 |, where
Cx0...xn−10l+1 is a saling of [0, 1). Starting with the ylinder Cx0...xn−10l1 we
an repeat this argument. Repeating it j times we an split Cx0...xn−1 into
j + 1 ylinders, all but the last being salings of [0, 1). Covering Cx0...xn−1
with these we get at most the value
|Cx0...xn−1 |
s 1
βs
j∑
i=0
(1−
1
β
)is < |Cx0...xn−1 |
sQ(s, β) <∞
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for all j. Given δ > 0 we an hoose j so large that the ylinder not being
a saling of [0, 1) ontributes less than δ to the value of the over. By
the assumptions of this proposition and by Proposition 3.12, we an nd a
onstant KCx0...xn−1 suh that for any Ci of the j ylinders that are salings
of [0, 1) we have
N s∞(Ci ∩G
β,m
p¯ (Mk, ǫ/2)) <
c
2Q(s, β)
|C|s
for all k > KCx0...xn−1 . Sine
∑j
i=1 |Ci|
s ≤ |Cx0...xn−1 |
sQ(s, β) we get
N s∞(Cx0...xn−1 ∩G
β,m
p¯ (Mk, ǫ/2)) < |Cx0...xn−1 |
sQ(s, β)
c
2Q(s, β)
+ δ
< c|Cx0...xn−1 |
s
for all k > KCx0...xn−1 if δ > 0 was hosen small enough.
Proposition 3.14. Let β ∈ (1, 2) be suh that the expansion of 1 terminates.
Then, for any m, p¯ and ǫ > 0 it holds that
lim
n→∞
N s∞([0, 1) ∩G
β,m
p¯ (n, ǫ)) ≥
1
2Q(s, β)
for all s suh that 0 ≤ s < dimH(G
β,m
p¯ ).
Proof. Take the proof of Proposition 3.5. Replae the set Gf,mp¯ (Mk, ǫ)) by
Gβ,mp¯ (Mk, ǫ), replae G
f,m
p¯ by G
β,m
p¯ , replae Kf by 2Q(s, β) and replae the
referene to Proposition 3.4 by a referene to Proposition 3.13.
Proposition 3.15. Let β ∈ (1, 2) be suh that the expansion of 1 terminates.
Then for eah m, ǫ > 0, p¯ and eah ylinder C ⊂ [0, 1), it holds that
lim
n→∞
N s∞(C ∩G
β,m
p¯ (n, ǫ)) ≥
1
2βsQ(s, β)
|C|s
for all s suh that 0 ≤ s < dimH(G
β,m
p¯ ).
Proof. Let C be a ylinder with respet to fβ. Then it ontains a ylinder
C∗ suh that |C∗| ≥ |C|
β
and suh that C∗ is a saling of [0, 1). Let the
generation of C∗ be n and let (Ui)
∞
i=1 be a over of C
∗ ∩ Gβ,mp¯ (m + n, ǫ).
Reasoning as in the proof of Proposition 3.4, replaing Kf by 1, we onlude
that there is a orresponding over (U˜i)
∞
i=1 of [0, 1) ∩ G
β,m
p¯ (m, ǫ −
n
m
) suh
that |U˜i| ≤
1
|C∗| |Ui| for all i. Using Proposition 3.14 we get
lim
n→∞
N s∞(C ∩G
β,m
p¯ (n, ǫ)) ≥ lim
n→∞
N s∞(C
∗ ∩Gβ,mp¯ (n, ǫ)) ≥
|C∗|s lim
n→∞
N s∞([0, 1) ∩G
β,m
p¯ (n,
ǫ
2
)) ≥
1
2Q(s, β)
|C∗|s ≥
1
2βsQ(s, β)
|C|s.
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Proposition 3.16. Let β ∈ (1, 2) be suh that the expansion of 1 terminates
and m ∈ N. If p¯ is suh that there is a word v 6= 0m suh that pv > 0, then
if 0 < ǫ < pv, then
∞⋂
N=1
∞⋃
n=N
Gβ,mp¯ (n, ǫ)
is in the lass Gs for eah s ≤ dimH(G
β,m
p¯ ).
Proof. By Remark 1.6
∞⋂
N=1
∞⋃
n=N
Gβ,mp¯ (n, ǫ)
is a Gδ set. Using Proposition 3.15, we an now apply Lemma 3.11. By
Remark 2.2 we get the proposition.
But by Theorem 2.4 the lass Gs is losed under intersetions so we get
Proposition 3.17. Let β ∈ (1, 2) be suh that the expansion of 1 terminates
and m ∈ N. If p¯ is suh that there is a word v 6= 0m suh that pv > 0, then
for some K ∈ N the set
∞⋂
k=K
lim sup
n→∞
Gβ,mp¯ (n,
1
k
)
is in the lass Gs for all s ≤ dimH(G
β,m
p¯ ). This means that the set of points
x for whih p¯ is an aumulation point in R2
m
for
(
τ
β
wi
(x,n)
n
)2m
i=1
as n → ∞
is in the lass Gs for all s ≤ dimH(G
β,m
p¯ ).
We are now ready to prove the theorems stated in the introdution.
Proof of Theorem 1.7. Let w be a word of length m. It follows from higher-
dimensional multifratal analysis on subshifts of nite type (see [1℄) that
there is vetor p¯ suh that dimH(G
β,m
p¯ ) = 1 and a vetor q¯ with pw 6= qw suh
that dimH(G
β,m
p¯ ) is arbitrarily lose to 1. Thus, by Proposition 3.17 both
the set
⋂∞
k=K lim supn→∞G
g,m
p¯ (n, 1/k) and
⋂∞
k=K lim supn→∞G
g,m
q¯ (n, 1/k)
are in the lass Gs for s arbitrarily lose to 1. Interseting these sets we get
points for whih the frequeny of w does not exist. By Theorem 2.4 we an
interset between suh sets orresponding to dierent words and still be in
the lass Gs. Full dimension now follows immediately.
Proof of Theorem 1.8. We rst note that if for some p¯i we have pi,w = 0 for
all words w exept 0mi , then
dimH
({
x : p¯i ∈ A
βi,mi(x)
})
= 0,
so the statement of the theorem is trivially satised. After noting this, the
theorem follows from Proposition 3.17 and Theorem 2.4.
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